We are concerned with real linear Lie groups G having the property that every finite-dimensional continuous representation of G is rational.
By a rational representation of a real linear Lie group G c GL(«, R) we mean a continuous representation of G, which is the restriction to G of a rational representation p of an algebraic subgroup of GL(«, R) containing G. If every finite-dimensional continuous representation of G is rational, we say that G has the property (R). The importance of Lie groups with this property derives, for example, from the result of Sugiura [6, Theorem 2] , which states that the duality theorem holds for a Lie group G if and only if G is the underlying Lie group of an algebraic group and every continuous representation of G is rational. Sugiura also proved that the underlying Lie group of a real semisimple algebraic group has the property (R) [7, Theorem 3] . However, this result seems to have flaws in its proof, and there is indeed a counterexample, which we present at the end of the paper. In this paper, we give several properties for real linear Lie groups, each of which is equivalent to the property (R) (Theorem 1), and then we study conditions under which the underlying Lie group of a real algebraic groups (or more generally a prealgebraic group) has the property (R) (Theorems 2-4).
Notation and convention. Throughout this work, a Lie group always refers to a real Lie group unless some qualification is made explicitly, and a representation of a Lie group is always assumed to be finite-dimensional and over C (i.e., homomorphism into GL(«, C) for some n). A real (resp. complex) algebraic group is a subgroup of GL(«, R) (resp. GL(«, C)) that consists of all invertible matrices whose coefficients annihilate some set of polynomials with real (resp. complex) coefficients, in n2 indeterminates. By a prealgebraic group, we mean a (topologically) open subgroup of a real algebraic group of finite index. The class of prealgebraic groups include connected semisimple linear Lie groups and also the (topological) identity component of any real algebraic group. In the actual application of algebraic group theory to the study of Lie groups, we often find it convenient to deal with prealgebraic groups rather than algebraic groups themselves. The following notation is standard throughout: Given a Lie group G, G0 denotes the identity component of G, and for any linear group G ç GL(«, C), G* stands for the Zariski closure of G in GL(«, C).
Given a real linear Lie group G c GL(«, R), the Lie algebra 0 of G is a real subalgebra of the general linear Lie algebra gl(«, C). Let 0c denote the complex subalgebra of gl(«, C) that is spanned by 0, and let G° denote the corresponding analytic subgroup of GL(«, C). For x £ G and u £ 0 , we have Ad(x)(w) = XMX-1 , where Ad denotes the adjoint representation of G, and hence conjugation by x maps 0c into itself. This shows that G normalizes t7c , and the subgroup Gc -(7C • G of GL(«, C) becomes a complex Lie group. Note that G£ is easily seen to be the connected component of Gc containing 1. We call Gc the complexification of the real linear group G. Let G be any linear Lie group in GL(«, R). By a complexification of a representation tp of G, we mean a complex representation <p' of Gc such that <p' = <p on G. Such a complexification is unique if it exists. Let G be a Lie group with finitely many connected components (such a Lie group is called an f.c.c. group). By the universal complexification of G, we mean a pair (G+, j) where G+ is a complex Lie group, and j: G -* G+ is a continuous homomorphism having the following universal property. Every representation p: G -» GL(m, C) induces a unique complex representation p+ : G+ -► GL(m, C) such that p = p+ o j, and this property characterizes the universal complexification. The Lie algebra of G+ is the canonical complex linear extension of the Lie algebra of G, and the differential of p+ is the canonical linear extension of the differential of p. For a detailed discussion, see [4, §4] . Below we present a brief construction of (G+, j) for later use. (See the proof of Theorem 1.) Let S denote the simply connected Lie group whose Lie algebra is the complex Lie algebra C®0 . For any x G G, we consider the complexification Ad(x)c : C ® 0 -► C <8> 0 of Ad(x) : 0 -* 0 . There is a unique automorphism n(x) of S such that dn(x) = Ad(x)c • Form the semidirect product H -S x" G of S and G relative to the analytic homomorphism n: G -> Aut(S). Given any representation p: G -► GL(m, C), there exists a unique representation p' : S -► GL(m, C) such that dp' -(dp)c, where (dp)c: C<8>0 -► GL(m, C) is the C-linear extension of the differential dp. We define p" : H -» GL(w, C) by p"(x, y) = p'(x)p(y), and Definition [2] . A real linear Lie group G c GL(«, R) is said to be well embedded if every continuous representation of G has a complexification.
Here is our first result. Theorem 1. Let G c GL(«, R) be an fee. real linear Lie group, and assume that the algebra R(G) of all representative functions of G is finitely generated. The following are equivalent:
(i) G ¿s well embedded.
(ii) The affine algebra of G is Ru(G).
(iii) G has the property (R). (iv) The inclusion i of G into its Zariski closure G* in GL(«, C) is the
universal complexification of G.
Proof. We view G as a subgroup of GL(«, C). (i) -* (ii)
. We retain the notation introduced earlier in the construction of the universal complexification. The complexification G£ of the identity component G° of G is the analytic subgroup of GL(«, C) whose Lie algebra is the complex Lie subalgebra in gl(«, C) that is generated over C by the Lie algebra of G. Let p: G -> GL(«, C) denote the inclusion. We first show that p+ is faithful. Let S denote the simply connected analytic group with its Lie algebra C ® 0, and let a : S -» G£ denote the universal covering of G£ . For any continuous representation p: G -► GL(m, C), let pc-Gc -* GL(w, C) denote the complexification of p. Then the representation p': S -► GL(m, C) induced by p satisfies p'(x) -pc(a(x)), x £ S. Since pc is the inclusion Gc c GL(«, C), p'(x) = pc(a(x)) = a(x) for all x G 5 and p": S -> GL(w, C) is therefore given by p"(x, y) = a(x)y. We also have \m(p") = Gc • We note that Ker(p") = {(x, a(x)~x) : x £ a~x(G°z n G)}, and for each continuous representation p of G, p" maps Ker(/i") to 1. Thus we have Ker(/z") c Ker(/>") for all continuous representations p of G, and from the definition of p+ , it is easy to see that p+ is faithful. Let p° denote the direct sum of the representation p and its dual. Let G be a linear f.c.c. Lie group, and let N be the analytic subgroup of G whose Lie algebra is the commutator [0, 9t] where 9t is the solvable radical of 0. Then N is simply connected and nilpotent, and N is equal to the representation radical of G (i.e. the intersection of all kernels of semisimple representations of G). Every continuous representation of G induces a unipotent representation of N. In [4] the following is proved: If R(G) is finitely generated as a C-algebra, then G is a semidirect product G = N • H, where H is a maximal reductive subgroup of G [4, Theorem 9.1], and conversely, if an f.c.c. Lie group G is a semidirect product G = N • H, where N is the representation radical of G and H is a reductive Lie group, then R(G) is finitely generated [4, Theorem 9.2]. In particular, it follows that if G is an f.c.c. linear Lie group, then R(G) is finitely generated if and only if R(G°) is finitely generated. We also have the following: Lemma 2. Let Gi be an f.c.c. linear Lie group, and let <p: Gx -► G2 be a surjective morphism. If R(Gi) is finitely generated, then so is R(G2). Next we turn to the study of prealgebraic groups whose underlying Lie groups have the property (R). The following result enables us to consider only connected groups. Theorem 2. Let Gc GL(«, R) be a prealgebraic group such that R(G) is finitely generated. Then G has the property (R) if and only if G° has the property (R) and G n G£ = G°.
Proof. Suppose that G° has the property (R) and assume G n G£ = G°. By Theorem 1, it is enough to show that G is well embedded. Given any representation p : G -* GL(m, C), let p° denote the restriction of p to G° . By hypothesis, p° has a complexification, say pc : Gc -> GL(w, C). Define p:Gc = G'G'c^ GL(m, C) by p(xy) = p(x) ■ pc(y) for x G G and y G G£ .
Since p -pc on G° and since GC\Gç = G°, p is well defined, and it is easy to see that ~p is the complexification of p . Hence G is well embedded. Now assume that G has the property (R), and let G* (resp. (G0)*) denote the Zariski closure of G (resp. G°) in GL(«, C). By Theorem 1, the inclusion p: G -» G* is the universal complexification of G. Pick a representation p of G such that Ker(p) = G°. p is extended to a rational representation p* of the algebraic group G*, and Ker(p*) D (G0)*. For x G G n (G0)*, 1 = p*(x) = p(x) and hence x G Ker(^) = G0. Thus G n G% = G°. Next we show that G° is well embedded (i.e. G° has the property (R) by Theorem 1). Let p: G0 -> GL(n, C) be a representation of Go. Canonically identify p with a representation of G° in an «-dimensional C-linear space V, and let p' denote the representation of G that is induced by p in a C-linear space W containing F as a subspace. Since G is well embedded, p' has a complexification p'c: Gc -» GL(W, C). Since the subspace F of If is G^-invariant, x -> p'c(x)\y defines a representation of G^ in V, which is a desired complexification of p. Thus G° is well embedded.
A subgroup H of an algebraic group (or more generally a prealgebraic group) G is said to be linearly reductive (resp. unipotent) if every rational representation of G, when restricted to H, is semisimple (resp. unipotent). G contains the maximal normal unipotent subgroup of G, which is obviously an algebraic subgroup of G. We call this subgroup the unipotent radical of G and denote it by Gu . Every algebraic group G is a semidirect product Gu • H, where H is a maximal linearly reductive subgroup of G. This result, which is due to Mostow [5] , can be easily extended to any prealgebraic group G, and in this case, the maximal linearly reductive subgroup H is prealgebraic.
Lemma 3. Let G c GL(«, R) be a connected prealgebraic group, and assume that R(G) is finitely generated. Then Gu is the representation radical of the Lie group G and any maximal linearly reductive subgroup of the prealgebraic group G is a maximal reductive subgroup of the linear Lie group G.
Proof. Let H be a maximal linearly reductive subgroup of the prealgebraic group G so that G is a semidirect product G =_GU • H. Necessarily, H is connected and prealgebraic. The Zariski closure H of H in GL(n, R) is also linearly reductive and hence H can be written H = A TS, where ^4__is a split torus, T an anisotropic torus, and S _a semisimple subgroup of H. Since the connected H is of finite index in H, it follows that H -A0 TS° . Note that A0 is a central subgroup isomorphic with a finite product of copies of the multiplicative group of positive real numbers, and since the center of TS° is compact, A0 n (TS°) = {1} . Consequently, A0 is a direct factor of //. Since R(H) is finitely generated, A° is trivial and hence H = TS° is reductive as a Lie group. Now let N be the representation radical of G. Clearly N c Gu. Suppose N is properly contained in Gu. The subgroup NS is normal in G and the quotient group G/NS ~ V x Ti, where F is a vector group and Ti is a torus. Hence R(G/NS) ~ R(V x Ti) is not finitely generated. On the other hand, since R(G) is finitely generated, R(G/NS) is finitely generated by [4, Theorem 9.2] . This obvious contraction shows that N = Gu and our proof is complete.
Corollary (to Lemma 3). If G is a connected prealgebraic reductive group such that R(G) is finitely generated, then G is a reductive linear Lie group. Conversely if G is a connected linear reductive Lie group, then G is a linearly reductive prealgebraic group and R(G) is finitely generated.
Proof. The first assertion follows directly from Lemma 3, and the second assertion follows since the reductive group G can be written G = ZG', where Z is the center of G which is compact and G' is a closed semisimple subgroup. The following result reduces our study of groups with the property (R) to the reductive case. Theorem 3. Let G c GL(«, R) be a connected prealgebraic group such that R(G) is finitely generated. Then G has the property (R) if and only if its maximal linearly reductive subgroup has the property (R).
Proof. Let H be a maximal linearly reductive subgroup of G. By the decomposition theorem in [5] (adapted to our prealgebraic group), G is a semidirect product G = Gu • H. By Lemma 3, Gu is equal to the representation radical N of G, and H is a reductive subgroup of the Lie group G. Therefore the decomposition G -Gu • H = N ■ H gives decompositions of A(G) and R(G) :
Now assume that G has the property (R), and let <p be any continuous representation of H. Composing <p with the projection G -► H, we have a representation <p' of G, which can be extended to the rational representation tp" of G* c GL(«, C). <p"\h-extends q> to H*, and this shows that the inclusion i : H c //* is a universal complexification of H. Thus H has the property (R). Now assume that H has the property (R). Thus R(H) = A(H), and since R(G)n = P(N) (-the algebra of all polynomial functions on the unipotent group N) (see [ ç>;: S* -» GL(F, C), respectively. Define p* : G* = K* ■ S* -» GL(F, C) by 9»*|A:* = ^ and çs»*|,S* = (^ . Since K*nS* =KnS, <p* is well defined and is the unique extension of (p .
The following is an example of a semisimple real algebraic group whose underlying Lie group admits a continuous but nonrational representation.
Example. Let H = SL(3, R), and let G = Ad(H) where Ad denotes the adjoint representation of H. Then G is a real algebraic subgroup of GL(8, R), and G is not well embedded [2, p. 329] . By Theorem 1, there exists a continuous representation of G, which is not rational. To construct such a representation, note that Ad is an injection. Let p denote the representation, which is the composition G --► H = SL(3, R) c GL(3, C). The representation p is not rational. For otherwise, Ad: H -» G would be an isomorphism of real algebraic groups, and this would imply that the complexification SL(3, C) of H is isomorphic with the complexification Adc (SL(3, C) ) of G, where Adc denotes the adjoint representation of the complex group SL(3, C). Of course, the latter assertion is absurd. For example, the center of SL(3, C) is of order
